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Abstract
This paper shows that a continuous φ-strongly accretive mapping on a real Banach space is single-
valued. And some recent results of set-valued variational inclusions and inequalities are discussed.
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1. Introduction and preliminaries
In the studies of mapping equation, variational inequality and fixed point problems,
strongly accretive mappings and strongly pseudocontractive mappings are often considered
as set-valued. In this paper we shall show that a continuous φ-strongly accretive mapping
on Banach space is single-valued. Employing our theorem we shall discuss some recent
results of set-valued variational problems. To prove our theorem, we first state some
definitions and lemmas.
Let E be a real normed linear space, E∗ the dual space of E and let J :E→ 2E∗ be the
normalized duality mapping, i.e.,
J (x) := {f ∈E∗: 〈x,f 〉 = ‖f ‖ · ‖x‖, ‖f ‖ = ‖x‖}, x ∈E,
where 〈· , ·〉 denotes the generalized duality pairing on E ×E∗.
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Definition 1.1. Let φ : [0,∞)→ [0,∞) be a strictly increasing function with φ(0) = 0.
A mapping A :D(A)⊆E→ 2E is said to be φ-strongly accretive if, for any x, y ∈D(A),
there exists j (x − y) ∈ J (x − y) such that ∀u ∈Ax , ∀v ∈Ay ,〈
u− v, j (x − y)〉 φ(‖x − y‖)‖x − y‖. (1)
Especially, if φ(t) = kt , t ∈ [0,∞), k > 0, a constant, then A is said to be strongly
accretive. In this case,〈
u− v, j (x − y)〉 k‖x − y‖2.
A mapping T :E → 2E is said to be φ-strongly pseudocontractive, if and only if I − T
(I denotes identity mapping) is φ-strongly accretive, i.e., T satisfies ∀u ∈ T x , ∀v ∈ Ty ,〈
u− v, j (x − y)〉 ‖x − y‖2 − φ(‖x − y‖)‖x − y‖.
Definition 1.2. Let X,Y be two Hausdorff topological space and let Y be normal. Let
T :X→ 2Y be a set-valued mapping. T is said to be lower semi-continuous, or l.s.c. for
short, if x ∈X, V ⊂ Y is open, and T x ∩ V = ∅, then there exists a neighborhood U of x
such that ∀x ′ ∈ U , T x ′ ∩ V = ∅.
Lemma 1.1 [1]. Let E and F be two Banach spaces and let T :E→ 2F be a l.s.c. mapping.
Suppose that for each x ∈ E, T x is a nonempty, closed and convex subset of F . Then T
admits a continuous selection.
Lemma 1.2 [2]. Let E be a real Banach space and let A :E → E be a continuous
φ-strongly accretive mapping. Then the equation Ax = f has a unique solution for any
f ∈E.
We now prove two propositions below.
Proposition 1.1. Let E be a real normed linear space and let A :E → 2E \ {∅} be
φ-strongly accretive. Then
(1) mapping Ah, defined by Ahx = co(Ax), ∀x ∈E, is φ-strongly accretive;
(2) mapping Ak , defined by Akx =Ax, ∀x ∈E, is φ-strongly accretive.
Combining (1) and (2), one can see that mapping Acx = co(Ax), ∀x ∈ E, is also
φ-strongly accretive.
Proof. (1) For any x, y ∈ E and u ∈ Ahx = co(Ax), v ∈ Ahy = co(Ay), from property
of convex hull, there exist ui ∈ Ax, vr ∈ Ay, αi,βr  0 such that u = ∑ni=1 αiui ,
v =∑mr=1 βrvr , where ∑ni=1 αi =∑mr=1 βr = 1. Since A is φ-strongly accretive, there
exists j (x − y) ∈ J (x − y) such that for all ui ∈Ax , vr ∈Ay ,〈
ui − vr , j (x − y)
〉
 φ
(‖x − y‖)‖x − y‖.
It follows that
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〈
u− v, j (x − y)〉=
〈
n∑
i=1
αiui −
m∑
r=1
βrvr , j (x − y)
〉
=
〈
m∑
r=1
βr
(
n∑
i=1
αiui
)
−
n∑
i=1
αi
(
m∑
r=1
βrvr
)
, j (x − y)
〉
=
n∑
i=1
αi
m∑
r=1
βr
〈
ui − vr , j (x − y)
〉

n∑
i=1
αi
m∑
r=1
βrφ
(‖x − y‖)‖x − y‖
= φ(‖x − y‖)‖x − y‖.
So, Ah is φ-strongly accretive.
(2) Let x, y ∈ E and u ∈ Akx = Ax, v ∈ Aky = Ay. If u ∈ Ax and v ∈ Ay , then
inequality (1) holds; else then u ∈ Ax \ Ax or v ∈ Ay \ Ay. Suppose u ∈ Ax \ Ax
and v ∈ Ay. Then u is a limit point of Ax , i.e., there is a sequence {un} ⊂ Ax such
that u = limn→∞ un. Since j (x − y) ∈ E∗, 〈· , j (x − y)〉 :E → R is a continuous linear
functional. So we have
〈
u− v, j (x − y)〉= 〈 lim
n→∞un − v, j (x − y)
〉
= lim
n→∞
〈
un − v, j (x − y)
〉
 φ
(‖x − y‖)‖x − y‖.
When u ∈Ax and v ∈Ay \Ay, or u ∈Ax \Ax and v ∈Ay \Ay, the inequality (1) can be
proved in the same manner. Hence the mapping Ak is φ-strongly accretive. ✷
Proposition 1.2. Let X be a Hausdorff topological space, E a normed linear space.
Suppose that the set-valued mapping A :X → 2E is lower semi-continuous. Then the
mapping Ac defined by Ac :x→ co(Ax), ∀x ∈X, is lower semi-continuous.
Proof. Let x ∈X. Let V ⊂E be open. Suppose Acx ∩ V = ∅. Then co(Ax)∩ V = ∅. Let
v0 ∈ co(Ax) ∩ V . Then there is a ε > 0 such that V0 = {v ∈ E: ‖v − v0‖ < ε} ⊂ V , and
there exist vi ∈ Ax , αi  0, i = 1,2, . . . , n, such that ∑ni=1 αi = 1 and v0 =∑ni=1 αivi .
For each Vi = {v ∈ E: ‖v − vi‖ < ε}, from lower semi-continuity of A, there exists
a neighborhood Ui of x such that ∀x ′ ∈ Ui , Ax ′ ∩ Vi = ∅. Thus U = ⋂ni=1Ui forms
a neighborhood of x satisfying that ∀x ′ ∈ U , Ax ′ ∩ Vi = ∅. Pick v′i ∈ Ax ′ ∩ Vi for
i = 1,2, . . . , n. Then we have both ∑ni=1 αiv′i ∈ co(Ax ′)⊂Acx ′ and ∑ni=1 αiv′i ∈ V0 ⊂ V
since ∥∥∥∥∥
n∑
i=1
αiv
′
i − v0
∥∥∥∥∥=
∥∥∥∥∥
n∑
i=1
αiv
′
i −
n∑
i=1
αivi
∥∥∥∥∥
n∑
i=1
αi‖v′i − vi‖<
n∑
i=1
αiε = ε.
Hence Acx ′ ∩ V = ∅. This completes the proof. ✷
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2. Theorem and corollaries
Theorem 2.1. Let E be a Banach space and A :E→ 2E \ {∅} be a φ-strongly accretive
mapping. If A is lower semi-continuous, then for any x ∈E, Ax is a one-point set.
That is, A is a single-valued, continuous and φ-strongly accretive mapping.
Proof. Define a mapping Ac :E → 2E by Acx = co(Ax), ∀x ∈ E. Then, by Proposi-
tion 1.2, Ac is l.s.c. It follows from Lemma 1.1 that Ac admits a continuous selection, i.e.,
there exists a single-valued continuous mapping h :E→E such that ∀x ∈E, h(x) ∈Acx .
Since, by Proposition 1.1, Ac is φ-strongly accretive, it follows that h is φ-strongly ac-
cretive. We now show that ∀x ∈ E, Acx is a one-point set. On the contrary, assume that
for some x ∈ E, Acx contains another point u = h(x). By Lemma 1.2, there is a y ∈ E
such that u= h(y) ∈Acy . So we have both u ∈Acx and u ∈Acy . Since Ac is φ-strongly
accretive, we have
0 = 〈u− u, j (x − y)〉 φ(‖x − y‖)‖x − y‖.
This implies y = x and so u = h(y) = h(x), a contradiction. Hence ∀x ∈ E, Acx is a
one-point set. It follows from ∅ = Ax ⊂ Acx that Ax is a one-point set. The proof is
complete. ✷
Remark 2.1. In a metric space (X,d), a mapping T :D(T ) ⊆ X → CB(X) is said to
be H -continuous (simply, continuous) if ∀x ∈ D(T ), ∀ε > 0, there is a δ > 0 such that
H(T x,Ty) < ε whenever y ∈D(T ) and d(x, y) < δ. Here H(· , ·) denotes the Hausdorff
metric and CB(X) denotes the set of nonempty closed and bounded subsets of X:
H(A,B) := max
{
sup
x∈B
inf
y∈Ad(x, y), supx∈A
inf
y∈B d(x, y)
}
, A,B ∈ CB(X).
It is easy to see that H -continuity for a set-valued mapping implies lower semi-continuity.
Hence in Theorem 2.1 we can replace “l.s.c.” by “continuous”.
For example, in [3] Proposition 3.1, the continuous φ-strongly accretive mapping A
shall be single-valued if the real normed linear space E is a Banach space. We point out
that the proof of Claim 1 of [3] Proposition 3.1 is not valid because the inequality
‖ηn − ξn‖ (1+ λ)H(Ayn,Axn)
being used in proving the Claim 1 only holds for some special choices of ηn ∈ Ayn with
ξn ∈ Axn and this is against the arbitrariness of ηn and ξn in the definition of the given
sequences ([3, (4), (5)]). However, in case E is a Banach space (consequently, A is single-
valued), the Claim 1 holds, and so does the [3] Proposition 3.1.
Corollary 2.1. A continuous φ-strongly pseudocontractive mapping defined on a real
Banach space is single-valued.
Proof. Let T :E→ 2E be a l.s.c. φ-strongly pseudocontractive mapping. Then I − T is a
l.s.c. φ-strongly accretive mapping. By Theorem 2.1, I − T is single-valued, and so is the
mapping T . ✷
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It is well known that monotonicity coincides with accretiveness in Hilbert space. From
Theorem 2.1, we have the following corollary.
Corollary 2.2. Let H be a real Hilbert space and A :H → 2H \ {∅} be a φ-strongly
monotone mapping. If A is lower semi-continuous, then for all u ∈H , Au is a one-point
set, i.e., A is a single-valued mapping.
3. Remarks on some set-valued variational problems
Remark 3.1. Recently, Chang [4] introduced and studied a new class of set-valued
variational inclusions:
Let E be a real Banach space. Let T ,F :E → CB(E) be two set-valued mappings,
A :D(A) ⊂ E → 2E an m-accretive mapping, g :E → D(A) a single-valued mapping,
and N(· , ·) :E×E→E a nonlinear mapping. For any given f ∈E and λ > 0, find q ∈E,
w ∈ T (q), v ∈ F(q) such that
f ∈N(w,v)+ λA(g(q)). (2)
In [4] Chang presented the following algorithms:
For any given x0 ∈E, u0 ∈ T (x0), z0 ∈ F(x0),
xn+1 ∈ (1− αn)xn + αn
(
f + yn −N(wn, vn)− λAg(yn)
)
,
yn ∈ (1− βn)xn + βn
(
f + xn −N(un, zn)− λAg(xn)
)
,
un ∈ T xn, ‖un − un+1‖
(
1+ 1
n+ 1
)
H(T xn,T xn+1),
zn ∈ Fxn, ‖zn − zn+1‖
(
1+ 1
n+ 1
)
H(Fxn,Fxn+1),
wn ∈ Tyn, ‖wn −wn+1‖
(
1+ 1
n+ 1
)
H(Tyn,T yn+1),
vn ∈ Fyn, ‖vn − vn+1‖
(
1+ 1
n+ 1
)
H(Fyn,Fyn+1),
n= 0,1,2, . . . , (3)
and then proved the following result:
Theorem C (see [4, Theorems 3.1, 4.1]). Let E be a uniformly smooth real Banach space,
T ,F :E → CB(E) and A :D(A) ⊂ E → 2E three set-valued mappings, g :E → D(A)
a single-valued mapping, and N(· , ·) :E × E → E a single-valued continuous mapping
satisfying the follows conditions:
(i) A ◦ g :E→ 2E is m-accretive;
(ii) T :E→CB(E) is µ-Lipschitzian continuous;
(iii) F :E→ CB(E) is ξ -Lipschitzian continuous, where µ and ξ are positive constants;
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(iv) the mapping x →N(x,y) is φ-strongly accretive with respect to the mapping T (see
[4, Definition 2.3]);
(v) the mapping y →N(x,y) is accretive with respect to the mapping F .
Then ([4, Theorem 3.1]) for any given f ∈ E, λ > 0, the variational inclusion (2) has a
unique solution.
Furthermore ([4, Theorem 4.1]), let {αn}, {βn} be two sequences in [0,1] satisfying
αn,βn → 0, and ∑∞n=0 αn =∞. If the ranges R(I −N(T (·),F (·))) and R(A ◦ g) are both
bounded, then the iterative sequences {xn}, {wn} and {vn} defined by (3) converge strongly
to q , w, v, the solution of set-valued variational inclusion (2), respectively.
Using Theorem 2.1, we now discuss the above result. First, we shall show that the
conditions (ii), (iii) can be replaced by the following weaker conditions:
(ii)′ T :E→ CB(E) is lower semi-continuous;
(iii)′ F :E→CB(E) is lower semi-continuous.
In fact, from (ii)′, (iii)′ and the continuity of N(· , ·) :E × E → E, we know that the
mapping S :E→ 2E defined by
Sx =N(T x,Fx), ∀x ∈E,
is lower semi-continuous on E. From conditions (iv), (v), Chang [4] Lemma 2.2 shows
that S is also φ-strongly accretive. Hence, from Theorem 2.1 and its proof, it follows that
S is a single-valued continuous φ-strongly accretive mapping. Therefore, the existence and
uniqueness of the solution of (2) can be proved in the same way as [4, Theorem 3.1].
Next, for x ∈ H , since the mapping N(T (·),F (·)) is single-valued, it follows that
N(w,v)=N(w′, v′) holds for any (w,v), (w′, v′) ∈ T x×Fx . Therefore we can simplify
the Algorithms (3) as follows:
x0 ∈E, un ∈ T xn, zn ∈ Fxn, wn ∈ Tyn, vn ∈ Fyn,
xn+1 ∈ (1− αn)xn + αn
(
f + yn −N(wn, vn)− λAg(yn)
)
,
yn ∈ (1− βn)xn + βn
(
f + xn −N(un, zn)− λAg(xn)
)
,
n= 0,1,2, . . . . (4)
And in the proof of [4, Theorem 4.1], we only need the first part which shows that xn→ q
(n→∞) strongly. When the q ∈E is found by iteration processes (4), for each w ∈ T (q),
v ∈ F(q), then (q,w,v) is a solution of the variational inclusion (2). Hence there is no
necessity to consider the convergences of un, zn, wn, yn; and so the continuity of T and F
need not be Lipschitzian.
Remark 3.2. In [5], Noor et al. introduced and studied the following important generalized
multivalued variational inequality problem:
Let H be a real Hilbert space and C(H) be a family of nonempty compact subsets
of H . Let T ,V :H → C(H) be two multivalued operators and g :H → H be a single-
valued operator. Let ϕ :H → R ∪ {+∞} be a convex, proper, and lower semicontinuous
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functional. For a given nonlinear operator N(· , ·) :H ×H → H , find u ∈ H , w ∈ T (u),
y ∈ V (u) such that〈
N(w,y), v − g(u)〉+ ϕ(v)− ϕ(g(u)) 0, for all v ∈H. (5)
On the assumptions that
(1◦) N(· , ·) is strongly monotone with constant α > 0 and Lipschitz continuous with
constant β > 0 with respect to the first argument (see [5, Definitions 2.2, 2.3]);
(2◦) g is strongly monotone with σ > 0 and Lipschitz continuous with δ > 0;
(3◦) N(· , ·) is Lipschitz continuous with constant η > 0 with respect to the second
argument;
(4◦) T is M-Lipschitz continuous with constant µ> 0;
V is M-Lipschitz continuous with constant ξ > 0, where M denotes the Hausdorff metric
on C(H); and the constants α,β,µ,η, ξ, σ, δ satisfy α > γ = ξηδ + βµ√1− 2σ + δ2
and (3.2)–(3.5) in [5], Noor proved the existence and uniqueness of the solution of the
variational inequality (5), and proved that the sequences {un}, {wn} and {yn} generated by
u0 ∈H , w0 ∈ T (u0), y0 ∈ V (u0),
wn ∈ T (un): ‖wn −wn+1‖M
(
T (un), T (un+1)
)
,
yn ∈ V (un): ‖yn+1 − yn‖M
(
V (un+1),V (un)
)
,
un+1 = (1− λ)un + λ
{
un − g(un)+ Jϕ
[
g(un)− ρN(wn, yn)
]}
,
n= 0,1,2, . . . , (6)
converge strongly to u,w and y , the solution of the variational inequality (5), respectively,
where Jϕ = (I + ρ∂ϕ)−1 and ∂ϕ denotes the subdifferential of ϕ.
To begin our discussions, we first check two inequalities which are used in proving [5,
Theorem 3.1]:∥∥N(w1, y1)−N(w2, y1)∥∥ β‖w1 −w2‖ βM(T (u1), T (u2))
 µβ‖u1 − u2‖; (I1)∥∥N(w2, y1)−N(w2, y2)∥∥ η‖y1 − y2‖ ηM(V (u1),V (u2))
 ηξ‖u1 − u2‖, (I2)
where, and hereafter, u1, u2 ∈H ; w1 ∈ T (u1), w2 ∈ T (u2); y1 ∈ V (u1), y2 ∈ V (u2). The
(I1) is used in proving inequality [5, (3.8)], and (I2) is the inequality [5, (3.10)]. It is clear
that in both (I1) and (I2), the underlined parts are not true.
For (I1), we can remedy the proof in another way. In fact, from assumption (1◦) and
[5, Definition 2.2], we see that for any given y ∈ H , the operator Sy :u → N(T (u), y),
∀u ∈ H , is strongly monotone and continuous. By Corollary 2.2, it is single-valued.
Therefore, for any w1,w′1 ∈ T (u1), N(w1, y) = N(w′1, y). On the other hand, for w2 ∈
T (u2), from the definition of Hausdorff metric and the compactness of T (u1), there is a
w′1 ∈ T (u1) such that ‖w′1 −w2‖M(T (u1), T (u2)). Hence we have∥∥N(w1, y1)−N(w2, y1)∥∥= ∥∥N(w′1, y1)−N(w2, y1)∥∥ β‖w′1 −w2‖
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 βM
(
T (u1), T (u2)
)
 µβ‖u1 − u2‖. (I1′)
For (I2), remove the underlined part and write it as∥∥N(w2, y1)−N(w2, y2)∥∥ ηξ‖u1 − u2‖, (I2′)
then it holds if and only if N(T (·),V (·)) is single-valued. In fact, if N(T (·),V (·)) is single-
valued, then inequality (I2′) can be proved in the similar way as (I1′). Conversely, from
inequality (I1′) and (I2′), we have∥∥N(w1, y1)−N(w2, y2)∥∥

∥∥N(w1, y1)−N(w2, y1)∥∥+ ∥∥N(w2, y1)−N(w2, y2)∥∥
 (µβ + ηξ)‖u1 − u2‖. (7)
For any u ∈H , let u1 = u2 = u in (7). Then for any (w1, y1), (w2, y2) ∈ T (u)× V (u), if
follows that∥∥N(w1, y1)−N(w2, y2)∥∥ (µβ + ηξ)‖u− u‖ = 0.
Thus N(w1, y1)=N(w2, y2), which means N(T (·),V (·)) is single-valued.
Since inequality (I2′) has been used in proving [5, Theorem 3.1], it should be
regarded as an additional condition. Therefore, the variational inequality problem (5) in
[5, Theorems 3.1 and 4.1] is, in reality, a single-valued problem in spite of multivaluedness
of the operators T and V .
Furthermore, in view of the single-valuedness of the operator N(T (·),V (·)), we can
release wn, yn from the restrictions that
‖wn −wn+1‖M
(
T (un), T (un+1)
)
, ‖yn+1 − yn‖M
(
V (un+1),V (un)
)
,
and let wn and yn be arbitrary points in T (un) and V (un), respectively. Consequently, the
limits of {wn} and {yn} need not be considered. When u= limn→∞ un is obtained, then for
each w ∈ T (u) and each y ∈ V (u), (u,w,y) is a solution of the variational inequality (5).
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